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Abstract 

In this paper, we study the algebra of twisted vertex operators over 
an even integral Z2-lattice, and give a kind of systematic construction of 
fundamental representations for afhne Lie algebras of type A, D, E with 
their irreducible decompositions. 

1 Introduction 

In this paper, we construct a family of twisted vertex operators associated to 
an even integral Z2-lattice which, together with the action of the corresponding 
Heisenberg algebra, is invariant under the commutation relations. 

For twisted or non-twisted affinization of a finite-dimensional simple simply- 
laced Lie algebra g, construction of fundamental representations is given as- 
sociated to conjugacy classes in the Weyl group of g in and associated to 
automorphisms of g in When the Z2-lattice is the root Z2-lattice of g, our 
representation is just the one associated to the automorphism of g which is 
(—1) times the identity transformation on the Cartan subalgebra, and so the 
construction corresponding to the longest element in the Weyl group in par- 
ticular when g is a simple Lie algebra of type Z32m, E^ or £"§. We make a 
detail analysis on the structure of our representation and give its irreducible 
decomposition explicitly. 

This work was motivated by the recent intensive research of M. Noumi and 
Y. Yamada et al on the Painleve VI equation and its Lie algebraic interpreta- 
tion. The author would like to express hearty thanks to Professor M. Noumi for 
private communication and explanation on his works at the International Work- 
shop on Integrable Models, Combinatorics and Representation Theory held in 
Kyoto on August 2001, and to Professor E. Date for kind information on Es- 



1 



2 Twisted vertex operators 

Given a positive integer n, we consider C" with a non-degenerate symmetric 
bilinear form ( | ) defined by 

n 

{X\^i) := ^A,/x, (2.1) 



for A = (Ai,--- ,A„), fi= (/ii,--- e C". 

Let us consider the space C[a;[''^; j = I,-- - ,n, r G Nodd]- For A 
(Ai,--- ,A„), n = (/zi,--- ,Hn) € C", we define operators U^{z), Ux{z) i 
U\-^{z,w) on this space as follows: 



^ j=l reNodc- 

U^{z) := expf^ ^ A 

^ .7=1 reN„rfrf 



z 



j=i reNodd 



and 



Ux{z) := C/;:(-j)[/+(^) 



C/a;^(z,«;) := U^{z)U;{w)U+{z)U+{w) 



From this definition, it follows that 



and that 

U\-\{z,—z) = 1 := the identity operator, 



i=i VeNo, 



+ C/a;a(2,W^)X^a/ ^ 

i' — 1 V T-cTM 



3=1 ^ reNodd "^'^ 

Since 

U\;ij,{z, z) = Ux+^{z) and Ux-^{-z, z) = U-x+n{z), 



(2.2a) 



j=l reNodd "^'^ 



Ux{-z) = U-x{z), 
Ux-A-z,w) = U-x-Az,w), (2.3) 

Ux;i^{z,-W) = Ux;-i^{z,w). 



(2.4) 
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the constant terms of the Taylor series expansion of U\-_f^{z, w) around z ~ ±w 
are given as foUows: 



C^A;a.(2, w) = C/a+p(w) + 0(2; - w) 

Ux;f,{z,w) = U-x+ii{w) + 0{z + w) 
For j e { 1 , • • • , ?^} and r G Nodd , we put 



around z 
around z 



d 



dx. 



and consider the fields 



for j — 1, - ■ ■ ,n. Notice that 

a^^\—z) = a^^^z) for j = 1, • • • , n. 



Then from (2.4), one has 



d 

-^Ux.x{z,w) 



Z — — 'W j — 1 



(2.5) 



(2.6a) 



(2.6b) 



(2.7) 



Lemma 2.1. Let A G C". Then the Taylor series expansions of Ux;±\{z,w) 
around z = =pw are given as follows: 

n 

1) Ux,x{z, w)^l + {z + w)Y^ Xja^'\w) + 0{{z + wf), 

i=i 



2) Ux;-xiz,w) = 1+ (z- u;)^Aja(^')(u)) +0((z-w)2). 

Proof. To prove 1), we compute the Taylor series expansion of Ux;xiz,w) 
around z = —w, by using (2.4) and (|2.8|) as follows: 



d 

Ux;x{z,w) = Ux-x{-w,w) + —Ux:x{z,w) 

oz 



1 + Xja'-^\w) + 0{{z + wf). 



Oiiz + wf) 



2) follows from 1) and (U) and ( p.TI) 



□ 



Lemma 2.2. i^or A,/x G C" satisfing (A|/x) G 2Z, 
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1) c/+(z)c/-H = (Ij^) j u-{w)ut{z), 

2) Ux{z)U^{w) = t,,^ f ( J Ux-Az,w), 

where iz,w means the expansion into the Taylor series in the domain \z\ > \iu\. 

Proof. For the proof of this lemma, we first notice the commutation relation of 
operators in one variable x: 

e"^ o e^ = e^^e^ o e"^ 

for a, 6 e C, which is easily seen from e"'^ f{x) = f{x + a). Using this, one 
has 



C/+(z)C/-H = me ^^-odd )u-{w)U+iz) 



E >^3H E 



= e \'=' I ^^^-■^■^ U-{w)U^{z). 
Then, since (A|/i) e 2Z by assumption, one has 

--Odd = exp|-(A|M)(^XJ^— -E^;— 



= bz 



X (A|m)/2N 



^; — w 



proving 1). 2) follows from 1). □ 
Note that the vertex operator U\{z) satisfies 

[4^), Ux{z)\ = XjZ-'Uxiz), (2.9a) 

from which one deduces 

[a'^^\z),Ux{w)\ = \j z-'-'^w'' -Uxiw). (2.9b) 

'"SZodd 

Using the (5-function defined by 

5{z-w) := ^^-'^-^w'^ = Yl E z-'^-^w'' 

T-ez i-ez>o rez^o 

= - ^^,.) (^) , (2.10) 
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the formula (2.9b) is rewritten as 



[a^^\z),Ux{w)] ^ ^{6{z-w)-6{z + w)}Ux{w), (2.11) 



since 



E 


— r — 1 r 

Z W = 










rez 








( ' 


' \ ( 




\z — w 


z'^ — J 






1/2 

\z — w 


1/2 \ 
z + w ) 



w 



z^ — w'- 

(2.12a) 



Note also that 

V(-l)-z-'^-iw'- = ("^—V (2.12b) 



E-"^"'^^ - W) ( (^3^ ) , (2.12e) 



^(-l)Vz— W = (,,,„-,„,,) (^^---^j . (2.12d) 

Let ()R be an n-dimensional real vector space equipped with a positive defi- 
nite symmetric bilinear form ( | ), and Q be an even integral Z-lattice in f)R of 
rank n. We put 

A := {a e g ; {o\a) = 2}, 
and decompose A as A = A+ U A_ . Let 

1/ : gxQ ^ {±1} 

be an asymmetry function (cf. [Q §7.8 and Q §5.5); namely a bi-multiplicative 
function satisfying the conditions 

Ka,a) = (-l)iH") 

i/(a,/3) = (-l)(°l'3)z/(/3,a) ^ ' ' 

for a,P € Q. Let C{(3/2(5} be the associative algebra spanned over {e°'}aeQ/2Q 
with the usual non-twisted commutative multiplication, namely 

e"e'^ := 6"+^^. (2.14) 

We put 

V := C{Q/2g}®C[a;« ; j = l,---,n, r G Nodd] • (2.15) 
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Let [) be the complexification of f}R. We extend ( | ) to the symmetric 
bUinear form on () and fix an orthonormal basis {5*1, • • • , Sn} of f). For a S A, 
we put 

aiS) := {{a\Si)r-- ,{a\S„)) G C", 
and consider the operator 

r„(z) ^e'^i^ia, ■ ) ® t/v2a(s)(^) (2-16) 

namely 

ra(^)(e^®/) ^i'(a,7)e"+^®C/(^Hs,),..,V2(a|s„))W/ (2-17) 
for e'*' (g) / e Notice that 

r_„(z) = r,(-z) (2.18) 

by (U). 

Lemma 2.3. For a,(3 Q, the following formula holds: 
r„(z)r0H(e^®/) = it.(a,/3)z.(a+/3,7)e"+^+^ 



, ("1/5) 

z — w ^ 



^V2a(S);V2/3(5)(^'H/- 



Proof. For e'' ® / g T^, we have 



= iK/3,7)^(a,/3 + 7)e"+''+^®C/^„(5)WC/v^^(5)H/- 



Then using Lemma 2^ proves the lemma. □ 



Theorem 2.1. For a,/? G Q, i/ie commutators of vertex operators Ta{z) and 
Tp(w) are given by the following formulas: 

1) // {a\a) 2, then 

[r„(z), r„(w)] = {iz^w-i-w.z) I — . ^ X2 - -^^V~~y](a|5'i)a(^)(t 

■' ^ ' \z + w (z + wy z + w 

2) // 1, f/ien 

[r„(z), r^(ii;)] = -i^(a,/3)(i^,u, - ^-a+piw)- 
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3) // (a|/3) = -1, then 



z — w 



4) If {a\l3)^Q,then [r„(z), T^H] = 0. 
Proof. 1) Letting /3 = a in Lemma |2.3| and using v(a,a) — —1, one has 

2 

^y2a(S);y2a(S)(^'H/- 



r„(z)r,H(e^®/) 



z — ?« 



Then, exchanging z and w, this gives 



w — z 



z + w 



= --e ' (Ki 



^V2a(S);V2a(S)(^"'^)/ 



From these two equations, one has 

[r„(z), r^H] {e^®f) 



Z — W 



z + w 



t^V2a(S);V2a(S)(^'^)/- (2-19) 



Notice that 



z — w 



z + w 



and so 



Z — W 
Z + lU 



2w 

z + w 



Aw 



z + w {z + w)^ ' 



Aw 



z + w {z + w)'^ 



Then, using Lemma 2. LI), the formula (2.19) is rewritten as follows: 

[ra(z), Ta(w)] 



^z,w ^w^z I 



Z + W {z + U))^ 



X < 1 + (z + W 



proving 1). 



z.w ^w,z I 



' + w (z + wY Z + W ^ 

.7=1 
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2) Applying Lemma to the ease (a|/3) = 1, one has 

r,(z)r^H(eT(»/) 

and, exchanging z <-> w and «<-*■/?, also 

r/3Hr„(z)(e^®/) 

sinee a) = — i/(a,/3). Then, from these two equations, one has 

[r„(z),r0H](e^®/) 

(2.20) 

Notice that 

z — w 2w 

= 1 - 



z — w\ , . ( ~2w 



Z + 11) z + w 

and so 

\Z + W J \Z + W 

Then, by (U), the formula ( ^.20| ) is rewritten as follows: 

[r„(2), r0(u;)](e^®/) 



-1 



^ ' \z + w J 



proving 2). 



3) follows from 2) and ( 2.1§| ) since 

[T^{z),Tp{w)] = [r„(z), r_^(-7«)] 

= -J^(Q,/3)(tz^«, - Lw,z) (^^3^^ r_Q_^(-w) 
= l^{a,P){Lz,w- l-w,z) (^-^^^^^Ta+piw). 



4) follows from Lemma 2.3 and (2.13). □ 



Note that formulas in the above theorem are written, in the terminology of 
usual operator products, as follows: 

Corollary 2.1. For a,P € Q, the operator products of vertex operators Ta{z) 
and T p{w) are given by the following formulas: 



1) // (a|a) = 2, then 



-w up' \/2u? 



V a{z)V a^-w) ^ y^(a S^j)a^-'^(w). 

z-w (z-wY z-w^ 

2) // (a|/3) = I, then V^{z)Tf,{-w) ^ ^^^^ • T^_p{w). 

3) // (a|/3) = -1, then r4z)r^H ~ ^^^^ • T^+p{w). 

4) // {a\l3) ^Q, then r„(z)r^(w) ~ 0. 

3 Twisted affinization of simply-laced Lie alge- 
bras 

In this section, we assume that g is a finite-dimensional simple Lie algebra of 
rank n with a symmetric Cartan matrix. Fix a cartan subalgebra t) of g, and 
let A be the set of all roots of g with respect to \) and Q be the root lattice. 
Let ( I ) be the invariant bilinear form on g normalized by (a|a) = 2 for all 
a e A. For each root a, let g^ denote the root space of a. It is known (cf. 
§7.8) that, given an asymmetry function v : Q x Q ^ {ilji one can choose 
root vectors S ga satisfying the condition 

rx. VI { v{a,(3)Xa+p ifa + /5eA 

[X^.X0\-^ -if, if a + /5 = ^^-^^^ 

for all a,/3 e A, where Ha is the element in f) corresponding to a under the 
natural identification of f) with its dual space \)* via the inner product ( | ). 
Notice that this condition means 

= -1 for all a e A. (3.1b) 
Let (J be the automorphism of g such that 



We put 



(j{H) = -H for aU i/ G (), 

a{Xa) = X^a for aU a e A. 



gg := {X e g ; a{X) = X] 
gi := {X e g ; a{X) = -X}, 



(3.2) 
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and consider the affine Lie algebra 



-■= ( 0Sjmod2 (^t^)(BCK(B Cd 



with the Lie bracket 



[d, X(E)P] 
[K, 0(a)] 



= [X,Y]®P+'' + ^{X\Y)6,+kfiK, 
= jX®P, 
= {0}, 



(3.3) 



for j,k E Z and X G Qj and Y G g^,. 

For each a S A and if € f), we define the fields 

Xc^iz) := ^(X„ + (-1)JX_„)(,)^-^ 
iez 

/f(^) := ^ 

ieZodd 

where := X (g) t-' for X e and j € Z as usual. Note that 

X_c,{z) = Xa{-z) and H{-z) = H{z). 

Then 

Lemma 3.1. Let a, /3 e A anrf _ff e ^. T/ien 

1) [Hiz),X„{w)] = ^X^{w){S{z-w)-d{z + w)}, 

2) [X„(z), Xo,iw)] 

/ \ ( W \ I \ f-2w^\ rr / N 
= {h,w - l'w,z) ] 7 \ 7^ K + {Lz,w - l'W,z) ■ Ha{w). 

\z + w [z + wyj \z + wj 

3) // a ^ ±/3, then 

[Xa{z), Xi3{w)\ = v{a,j3){i^^^- Ly,^^)(^—^^—^Xa+ji{w) 

- iy{a,P){iz,w - i-u,,^) ( —J— ] X_a+I3{w). 

Proof. 1) is shown as follows: 



[H{z), X^{w)\ 
= [H®t\{X„ + {-lfX_^)®t'']z-^-^ 



w 



kez 



fO 



4H) (Xo, -{-!)'' X^)(g,t^+^z-^-\ 



kez 



= a{H) (X„ + [-ly+'^X^) ® t^+'^w-^-'' ■ z-^-^w' 

ieZodd 
fcez 

= ^^X^{w){5{z-w)-5{z + w)] 

by ( ^.12a| ), proving 1). 

For the proof of 2) and 3), we first notice the following: 

Xpiw)] 

= J2 [{Xo, + hiyX-^)(g>t\{Xp + {-l)''X^p)(g,t'']z-^w-'' 
j,kez 

= E [^a + (-l)^'^-a, ^^ + ("l)'^-/3] 

+kY + i-iyx_^\Xp + i-iyx_i,)z- 

Let us consider the case when a = p. Since 

[x^ + i-iyx^,,, X^ + i-i)^x^a.] 
= + i-iy[x^^, x^] 



z ^ 



(3 



2{-iyHa ifj+fcisodd 
if J + fc is even, 



and 



{x^ + {-iyx-^\Xa. + (-iyx^^) = -2(-i)-' 



by ( 3.1b ), the formula (3.4) gives 

[X^(z), X^iw)] 
= 2 ^ {~iyH„®t^+''z-^w-^~KYi~'^) 



'■'jz ^w-' 



],kez 

j4-k— odd 



jez 



= 2 J2 H^®ti 



JZ •'w-' 



],kez 

j4-k— odd 



= 2iJ„(u;)^(-l) 

= 2wHa{w){tz,w - I'W^z) 
— 2'wHa{w){L 



- /V ^(-l)^ jz-^u;J 



jez 



Z + W 

— W 
Z + W 



-ZW 



z,w f^w.zj 



{z + 



z + w {z + wy 
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by (^.12b|) and (|2.12dD, proving 2). 



In the case a ^ ±P, the second term in (3.4) vanishes, so we have 



i,fcez 

j,fcez 
j.fcez 

j,fcez 

jez jez 

i^(Q:,/5)XQ+/3(ti;)(t^.^ - tiu,^) ( — - — 
^ ■ ' \z — w 



z + w 



proving 3). 

Noticing that, for a,/3 G A such that a ^ ±/3, 



□ 



a + /3 e A 
a-/3 e A 
a±/3 ^ A 



(a|/3) = -1 
(a|/3) = 1 
(a|/3) = 



and comparing Lemma |3.1| with Theorem 2.1, we obtain 

Theorem 3.1. Let {'Sj}j=i,... ,« he an orthonormal basis oft). Then the map 
TT : g{cr) — > End(T^) defined by 



H{z) ^ 
K I — 
d ^ 

is a representation o/g(cr). 



1 : 

-Lo 



To^iz) 

1 " 

-=5](il|5,)a«(z) 

:= the identity operator 
d 



E E 



nO"). 



dx 



(^a e A) 



This representation is not irreducible but a sum of finite numbers of funda- 
mental representations. In the next section, we study its structure and give its 
irreducible decomposition. Since the action ofg{a) contains all al"''''s, all singu- 
lar vectors belong to the subspace C{Q/2Q} (g) 1 of which we simply denote 
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by C{Q/2Q}. So, in order to get the irreducible decomposition of this repre- 
sentation, one needs only to find out singular vectors in the space C{Q . 

We note also that the transformation a is the longest element in the Weyl 
group of if is of type D„ (n : even) or E-j or E^. In these cases, g(cr) is 
a non-twisted affine Lie algebra and the representation tt is a realization of its 
fundamental representation associated to the longest element in the Weyl group 
(cf. 0). Otherwise, g(cr) is a twisted affine algebra. 



4 Irreducible decomposition for A-D-E repre- 
sentations 

Let n = {ai, • • • ,q;„} denote the set of simple roots of a finite-dimensional 
simple Lie algebra g with a symmetric Cartan matrix. Then an asymmetry 
function v is determined by v{aj,ak) (1 l£ j,k < n) by its bi-multiplicative 
property. Then the Dynkin diagram of H with orientation corresponds to v as 
follows: 

1 if Q or aj is not connected with ak 



— 1 if 7 = fc or (^y, q 



For each a E Q, wc define the operator Xa acting on the space C{Q/2Q} 

by 

X„(e^) := !li^e"+T. (4.1) 



In view of (2.17) and Theorem B.l, one sees that, when a is a root, this operator 
Xa is just the action of Xa{z) to the C{(3/2Q}-component, or more exactly 

Xa = (^a)(o) on C{Q/2Q} 

— the action of Xa + X-a on C{Q/2Q}. 

For ci, • • • , c„ e {±1}, we put 

n 

v{ci,--- ,cn):=l[{l+icje''n G C{Q/2Q}. (4.2) 

Then the collection of these elements {v{ci, • • • , c„)}ci,... ,c„g{±i} forms a basis 
of C{Q/2Q}, and the action of Xa^ on C{Q/2Q} is described in terms of this 
basis as follows: 

Lemma 4.1. Let 1 < j < n and put 

{fci, • • • fcs} := {1 < fc < n. ; k ^ j and i'{aj, ak) = — 1}- 

Then 

2XajV{ci, ■ ■■ , C„) = -iCjV{ci, • • • , -Cfci, • • • , -Cfc^, ■ • • , c„). 
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Proof. For the proof of this lemma, we notice that 

(i) 2Xa^{l + icje"') = ~icj{l + icje"'), 

(ii) Xa^{{l+icke"'')u) = {1 + w{aj,ak)cke"'^) ■ X^^u 
iik^ j and lie C{Q/2Q}. 

Actually (i) holds since 

2Xaj (1 + icjc"^) = e"' + icjv{aj,aj)e^°'' = e"^ - icj = -icj{icje"^ + 1), 

and (ii) is shown as follows: 

^a,((l + «Cfee"'')u) = X^^iu + icke"'u) = X^^^u + iCkX^^{e"''u) 
= XajU + ickv{aj,ak)e°"' ■ Xa^u. 

Then, by the successive use of (ii), one has 

2X„7jJ(l+iCfce"'=)] - 2X„Yj];(l + iCfce"'')-(l + ic,e"^ 
= X{{l + Haj,ak)cke''')-2Xo,^{l + iCje''^) 
= ]J(1 + ii/(aj,afc)cfee"'=) • {-icj){l + icje^"^), 

k¥^3 

proving the lemma. □ 
We note also that 

2X^+p = v{a, (3) (2X„) {2X0) for a, /5 e Q, (4.3) 

since 

X„+Me^) = iz.(a + /?,7)e"+'^+^ 



and 

Xr, 



(X^(e^)) = iK/3,7)X„(e''+'') = J^^(/3,7)^(«,/3 + 7)e"+''+^ 



From this formula and Lemma 4.1, one obtains the following 



Lemma 4.2. 1) Let I < j < p — 1 and p < n — 2 in the following diagram 

o — o o o — o — o o 



o 
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aj at 
and Qy, Q . Then 

(i) 2X„^+„^+,+«„ ((1 + ic,e"0(l + iCp+ie"''+i)(l + ic„e"")) 

= iCjCp+iCn{l + icje°''){l + icp+ie°'''+'){l + ic„e""), 

(ii) 2X„^+„^+,+„„ ((1 + ic,e"0(l + «Cfee"'=)(l + icp+ie"-+i)(l + ic„e"")) 
= iCjCp+ic„(l + icje"j)(l - icke°"'){l + icp+ie"''+0(l + ic„e""). 

2) Let 1 < j < n — 4 m t/ie following diagram 

ai Olj Q!„_4 a„_3 Q;„_2 "n-l 

o — o o o — o — o — o 



6"" 

(i) 2X„^+„„_,+„„ ((1 + zcje"0(l + ic„_2e"-=)(l + ic„„ie""-i)(l + k 
= zcjc„_ic„(l + icje"^)(l + ic„_2e"""^)(l + «c„_ie""-i)(l + ic„e""), 

(ii) 2X„„_,+„„_,+„„ ((1 + ic„_2e""-^)(l + ic„_ie""-0(l + ic„e"")) 

= ic„_2C„-iC„(l + ic„_2e""-^)(l + ic„_ie""-i)(l + ic„e""). 

We put 

Fa := X„ + for a e A. (4.4) 

Then Yq, is an element in 0o — flo ® <^ 5(''') ^-nd, by the definition ( |3.3| ) of 
field Xq(z), the action of Fq's on C{(5/2(5} is just equal to Xa\ namely 

the action of Yq on C{Q/2Q} = X^- 

So one may write Y^v in place of X^v for a G A and w e C{Q . 

4.1 The case L)„ 

For Dn , we consider the following orientation of Dynkin diagram according as 
n is even or odd: 

ai a2 as 014 as a2m-4a2m-3a2m-2a2m-l 
D2ra : O O O O O O (> O 

a2m 

o 



15 



Qfi a2 €(3 OLA as 

Dim+i ■■ O — O — O — O — O 



o 



-iC2jV{Ci, - ■ ■ ,-C2j-l,C2j,-C2j+l,- • • , C2m) 

Cl,--- , — C2m-3, C2m-2, — C2m-1 
— C2m 
-iC2mV{Ci, - ■ ■ ,C2m) 



Proposition 4.1. 1) In the case n = 2m: 

(i) 2Ya2._^v{ci, ■■■ , C2m) = -iC2j-lv{ci, ■■■ , C2m) (1 < j < ru) , 

(ii) 2ya2^.?;(ci,- • • ,C2m) 

(1 < j < m - 

-«C2m-2t^ 1 " ■ ■" " ' ^ {j =111-1) 

{j = 2m), 

(iii) 2FQ,2^._^_,_2(c<2j+---+C«2m-2)+a2m-l+Q:2m^(^l' ' ' ' ' ^2m) 

= iC2j-lC2m-lC2mV{ci,- ■ ■ ,C2m) < j < ni - 1). 

2) /n i/ie case n = 2m + 1: 

(i) 2Ya2._^v{Ci,--- ,C2m+l) 

-ic2j-it;(ci,- • • ,C2m+i) (l<j<m) 

..I Cl,-" ,C2m-2, — C2m-1, C2m \ /• ™ , i\ 

-«C2m+l^^ „ U = »7l + 1), 

\ C2TO+1 / 

(ii) 2y„2^.'(;(ci,- • • ,C2m+i) 



-«C2jW 



-iC2mV 



Cl,-- - , — C2j-l,C2j, — C2j+1,--- ,C2to-2) C2m-1- ^21, 



C2m+1 

(1 < i < m - 1) 



Cl, • • • , C2TO-2, — C2m-1, C2,; 

C2Tn+l 



(i = m), 



(iii) 2Fo,2^._^_,_2(a2j+---+a2m-i)+a2m+a2m+i^(ci) ■ ■ ■ > C2m+l) 

= iC2j-lC2TOC2m+l^^(ci,--- ,C2m+l) (1 < j < "^ - 1), 

(iv) 2Ya2^_i+a2^+a2^+iVici, - ■ ■ ,C2m+l) 

= iC2m-lC2mC2m+lt'(Cl, • • • , C2m+l)- 
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For an explicit description of Chevalley generators of 5(cr), we define elements 
Z^^k and in gg for 1 < j < /c < n — 1 as follows: 



^QjH VoLk + |-afc+2(Qfc+iH ha„-2)+an-i+an 



and 



a, -I \-a„ 



■+a„_2+a„ 



i+a„ 



y 

Ct 1 



■+a„_2+a„ 



■+a„_2+a„ 



(fc < n - 3) 
(fc = n-2) 
{j < k = n- 



1) 



hafc ~ -^jH l-afc+2(afc+iH |-c«n-2)+an-i+an 

Yaj-\ \-Oin-2 ~ ■^jH \-an-2+0!n-l+0!n 

^Olj-i \-an-2+Ot„-l "I" ^OCj-i \-a„-2+Ct„ 



(j = fc = n - 1) 



(A: < n - 3) 
(A; = n - 2) 
(i < fc = n - 1) 
{j = k = n-l). 



For simplicity, we write Zj := Zj^j and Z'j := Z'- ^. Then, by an easy calculation, 
one can check the following: 

Lemma 4.3. 1) \_Zj^k,Z'^^=Q for all j,k,r,s. 



(i) 


[Zj,r, 


ZjA = < 


-2l^{ar, ar+l)Zr+l,s 

2u{as,as+i)Zs+i,r 


(r < s), 
(s < r), 


(ii) 




Z'j,s] = < 


-2i^(ar,ar+i)^^+i,s 
^ 2z/(as,as+i)Z^+i 


(r < s), 
(s < r). 


(i) 


[Zj,rj 


Zk,r] = < 


-2i/{ak-i,ak)Zj^k-i 
. Maj-i,aj)Zk,j-i 


(j < fc), 
(fc < j), 


(ii) 




z'kA = < 


-2u{ak-i,ak)Z'jj^_^ 
. 2j/(aj_i,aj)Z;_^_i 


ij < fc), 
(fc<j). 


(i) 




1, Zk^s] = 


= 2iy{ak-i,ak)Zj^s, 




(ii) 






= 2i^(afc-i,afe)Zj_s. 




(i) 


[Zj.r, 


Zk,j-i] = 


= -2iy{aj-i,aj)Zk,r, 




(ii) 











For = D„ = so{2n), the cr-fixed subalgebra Qq is ,so(n) © .so(t?,), which is a 
semisimple Lie algebra of type Dm ® -Dm if n =^2m and Bm ® -Bm if ?^ = 2to + 1, 
where D2 := ® ^1. We define elements ej, fj, hj for < j < m and e'j, fj, h'j 
for 1 < J < TO in 5((t) as follows: 
In the case n — 2m: 







l,2j - 


Z2j,2j+1 


- «^2j- 


l,2j+l - «-^2j } 
(1 < j < TO - 


1) 






\{Z2m 


-3,2m- 


-2 + ^2m- 


-2.2m-l 


+ *"^2m-3,2m-l 


— ^■^2m- 


-2} 


^- 


'■= \\Z2i- 


l,2j ~ 


7' 




l,2j+l - *-^2j} 














(1 < j < TO - 
+ *-^2m-3,2m-l 


1) ^ 






'■= \{Z'2m 


-3,2m- 


-2 + ■^2m- 


-2,2m-l 


~ ^■^2m- 


-2} 
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^2j-l,2j 



li^ ^2j-l,2j 



2m-3,2m-2 



*^2j-l,2j + l ^ *-^2j} 

(1 < j < m - 1) 

iZ2rn-3,2rn-l — i-^2m-2 



2m-2,2m-l 



} 



2j,2j + l 



1 7' 

*'^2j-l,2j + l 



H ■^2m-3,2m-2 ■^2m-2,2rn-l 



2 

H^2i-1 - Z2J + 1} 
§{2^2m-3 + ^2m-l} 
H-^2i-l ^ ^23 + 1} 



'Z'2j} 

(1 < j < m - 1) 

1 ^ *-^2m-2} 



*^2m-3,2m- 



(1 < j < TO - 1) 
(1 < J < TO - 1) 



t{^2m-3 + ^2m-l 



if 



} 

- i?ai } «> t 



In the case n = 2m + 1: 



f' 



\{Z2j-l,2j - Z2j,2j + 1 - iZ2j-1.2j+l - iZ2j] 

{I < j < m 

\{Z2m-2am-l — *^2m-2} 

l{Z2j-l,2j ^ ^2j,2] + l - «-^2j-l,2j + l - «^2j} 

(1 < J < TO 

5{^2m-2,2m-l ^ *^2m-2} 

Z2j-l,2j + Z2j,2j + 1 - iZ2j-1.2j+l - iZ2j] 

(1 < J < TO - 1) 

— Z2m-2,2m-l — i^2m-2} 



1) 
1) 



2! ^2j-l,2j 



^2j,2j + l *^2i-l,2i+l *^2j} 

(1 < j < TO - 1) 



f 


■~ 2! -^2171-2, 2m-l *^2m-2} 








■= l{^2j-l - Z2J + 1) (1 


< J < TO — 


1) 




:= i^2m-l 








l{^2]-l - ^2j + l} (1 


< J < TO — 


1) 




— I 7' 






eo 


:= -X_„J 0i 






/" 















(4.5) 



(4.6) 



Then, by Lemma 4.3, one can easily check that these elements satisfy the 
conditions of Chevalley generators for the following Dynkin diagrams according 
as n = 2m or n — 2m + 1, letting ej (resp. Cj) be a root vector of a simple root 
aj (resp. 5^): 



D. 



(1) 



o — o ■ 



o 



a2 Oil ao Q^i 0^2 

o — o — o — o — o 
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O 



D 



O^tn ^m— 1 

■ rr. — n . 

2m+l • ^ 



a2 ai ao ai a2 

o — o — o — o — o 



^rn— 1 

■ 0=D3 



We denote by Aj, A'j the fundamental weights corresponding to the simple 

coroot system hj, h'y The action of hj and h '^ o n the basis u(ci,--- ,c„) of 
C{Q/2Q} is calculated easily from Proposition 4.1 as follows: 

Proposition 4.2. Let v v{ci, ■ ■ ■ , Cn) where ci, • • • , c„ G {±1}- T/ien 



1) /n the case n — 2to, 



2) 



2/iou 

/n f/ie case n — 2m 



C2j-l(l - C2j-lC2j + l)(l - C2„i-lC2m)w 
C2m-3(1 + C2m-3C2m-l)(l " C2m-lC2m)v 
C2j-l(l - C2j-lC2j + l)(l + C2„i-lC2m)w 
C2m-3(1 + C2m-3C2m-l)(l + C2m-lC2m)v 

(l-ci)«. 



(1 < j < TO - 1) 
(1 < j < TO - 1) 



1, 



2h/^v 
2hQV 



C2j-l(l - C2j-lC2j+l)(l - C2mC2m+l)v (1 < j < " 1) 
C2m-l(l ~ C2mC2m+l)w 

C2j-l(l - C2j-lC2j + l)(l + C2mC2m+l)w (1 < j < m - 1) 
C2m-l(l + 

(l-ci)t;. 



Notice that, for a level one representation of a simply-laced algebra, a sin- 
gular vector is characterized as an eigenvector of all hj's and h^s with non- 
negative integral eigenvalues. From this, singular vectors are easily obtained 
by Proposition 4.2. And then, all other elements belonging to the invariant 



subspace spanned by a singular vector are obtained from Proposition 4.1. The 
calculation is straightforward and the result is stated as follows: 

Theorem 4.1. Let v — v{ci, • • • , c„) where ci, • • • , c„ G {±1}. 

1) In the case n — 2m, 

(i) V is a singular vector if and only if C2j-i = 1 for j = 1, 2, • • • , to— 1. 
And then the weight of v is determined by (c2m-i,C2„i) as is shown 
in the following table 



singular vector 


weight 


V 


/ 1, C2, 1, C4, • • • , 1, C2m-2, 1 ^ 
\ - I i 




A' 

rn 


V 


' 1, C2, 1, C4, • • • , 1, C2m-2, 1 \ 
\ I 




Ajn 




1, C2, 1, C4, • • • , 1, C2m-2, —1 
, I i 


) 


A' 


< 


1,C2, 1,C4, • • • , 1, C2,„-2, -1 

-1 




Am-1 
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for any choice of C2, C4, • • • , 02^-2 e {±1}. 
(ii) Given a singular vector 



vo •■= V 



1, C2, 1, C4, • • • , 1, C2TO-2, C2TO-1 
C2m 



the C -linear span of all elements 



bl,C2,b3,C4,- ■ ■ ,b2m-3, C2m-2, '>2to-1 

b2m 



satisfying the conditions 

(a) bj e {±1} for all j, 

(b) 

(c) Yl bj=C2m-l, 

l<j<2m-l 
j— odd 

tensored with C[xr''^; 1 < j < 2m, r G Nodd] is the irreducible D^^^- 
module with the highest weight vector vq . 

In the case n = 2m + 1, 

(i) V is a singular vector if and only if C2j-i = 1 for j = 1, 2, • • • , m. 
And then the weight of v is determined by {c2miC2m+i) o,s is shown 
in the following table: 



singular vector 


weight 


^( 1,C2, 1,C4, • • • , 1, C2TO-2, 


1, 






±1 






^( 1,C2, 1,C4, • • • , 1, C2TO-2, 


1, 







for any choice of C2, C4, • • • , C2m-2 S {±1}. 
(ii) Given a singular vector 



Vo ■= V 



1, C2, 1, C4, 1, • • • , 1, C2m-2, 1, C2r, 

C2m+1 



the C -linear span of all elements 

bl,C2,b3,C4,,- ■ ■ ,b2m-3,C2m-2, b2m-l, C2rr 

C2m+1 

where bj e {±1} for all j, tensored with C[xr^ ; 1 < i < 2m +1, re 
Nodd] is the irreducible o'^^j^i-module with the highest weight vector 

Vq. 
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In the case one can choose an orthonormal basis ei, • • • , of f)* such 



that 



Uj = Ej — Ej+i {I < j < n — 1) and q;„ = + e„ 



and let S*!, • • • , Sn be its dual basis of [). Then the set of positive roots is given 

by 

A+ = {sj ±ek ; 1 < j < k < n}, 
and, for each Sj ± Sk, the operator -i-j^(z) is written as follows: 



where 



V reNodd / 

X exp[-%/2 ^ I— ^± ^ 



i-eNo 



Example 4.1. W^e consider D4 wzt/i f/ie oriented Dynkin diagram 

ai a2 0L3 

o — o — o 



014 



We write simply ( 
and put 



6 

for a = ' 



Fix ci, C2, C3, C4 e {±1}, 



u := w(ci, C2, C3, C4) anrf w' := u(-ci, C2, -C3, -C4). 



Then, by Lemma \4-.\ , one sees that the C-linear span ofv and v' is invariant 
under the action of X^- 's and so for all a G . To write down the action 
of Xa on the space Cv © Cv' explicitly, we recall the Pauli 's spin matrices 



ai := 



1 



^10; ""^-^ \i J "-^ \0 -1^ 

and divide the set of positive roots into the disjoint union of three parts: 



-i 



0-3 := 



1 



A 



Af 
Ai^) 



= {£l±e4, £2 ±£3}, 
= {£l±£3, £2 ±£4}, 
= {£i±£2, £3 ±£4}. 



Then this decomposition A_|_ = A''_^^ U A'^^' U A'^'' has the following properties: 



21 



(i) a,/3eA« => a±/3^A. 

(ii) For{i,j,fc} = {1,2,3}, 



a + e A 



(fc) 



For a G A+, XaV and Xav' are computed by using Lemma 4-1 and (4.3), 
and are explicitly written as follows: 



A 



2X 



2X 





= ic2cri 




= «CiC2C3Cri 




= iCiC2C4Cri 




= iC2C3C4tTi 




= -iCiC2<T2 




= -iC2C3Cr2 




= — ZC2C4(T2 


2-'i^£l+£3 


= — ZCiC2C3C4Cr2 


2-'^£l-£2 


= -iCi(T3 


2-'^£3-£4 


= -ic3cr3 


2-''^£3+£4 


= -ic4cr3 


2-'^'£i+£2 


= -iCiC3C40-3 . 



(°}^) 

,(2) . j 

(010) 

,(3) . j -r,') 

(000) 

Then, in paticular letting (ci, C2, C3, C4) (—1, 1, —1, —1), one obtains the irre- 
ducible representation tt of D^^^ on the space 

V:^(^v^ C[4^'); 1 < J < 4, r e Nodd]) ® [v' ® C[4^); 1 < j < 4, r E Nodd]) 

= C[4^); 1 < i < 4, r e Nodd] © C[xi^'^; 1 < j < 4, r e Nodd] 
as follows: 

1 9 



and 

' ^£.±£.(^) 

where we put ctq := 



V2 c)a;r 



c^o 



V2 



(j = 1,2,3,4; re Nodd) 



4 



(z) • CTp 



rx. 



0). 



X! X! c, 0) 

1 t/ie identity operator) 



1 
1 
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4.2 The case An 

For An , wc consider the following orientation of Dynkin diagram according as 
n is odd or even: 

Oil 0.1 (33 a4 as OLIm-Z "2)71-2 a2m-l 

: o — o — o — o — o o — o — O 

a\ a2 as q;4 as a2m-2 a2m-i a2m 

A^m ■ O — K> — O — O — O O O O 

Lemma 4.4. Let n = 2m or 2m — 1 in An- Then the action of to an 
element v := f (ci, • • • , c„) (ci, • • • , c„ G {±1}) is given as follows: 

1) 2Ya2j_iV{ci,- ■ ■ ,Cn) ^ -'iC2j-lv{ci,- ■ ■ ,Cn) < j < m) , 

2) 2Ya2^v{ci,- ■ ■ ,Cn) 

^ r -iC2jf (Ci, • • • , -C2j_l, C2j, -C2j+l, • • • , C„) «/ 2j < Tl 

\ -iC2mV{c\, ■■■ , C2m-2, -C2m-1, C2m) 2j = n = 2m. 

For = A„ = si(n + 1, C), the cr-fixed subalgebra qq is so{n + 1, C), which 
is a simple Lie algebra of type if n = 2m — 1 and if n = 2m. For 
^<j<k<nwe put 

5^',fe •= ^otj-\ — i-ctfe and Yj := Kjj = 5^^-, 

and define elements , fj , /ij (0 < j < m) in as follows: 
In the case n = 2m — 1: 

^3 •= 5{^2j-l,2j - ^2j,2j+l - il2j-l,2i+l - i>2j } 

(1 < i < m - 1) 

Cm := 2{-^2m-3,2m-2 + 5^2m-2,2m-l + «^2m-3,2m-l — «^2m-2} 

/?• 2! ~ ^2j-l,2j + Y2j,2j+1 - il2i-l,2i+l - «5^2i} 

(1 < j < m - 1) 

/m '■= 5! ~ i^2)n-3,2m-2 — 5^2m-2,2m-l + *i^2)Ti-3,2m-l " *^2to-2} 

ftj := i{y2j-i -i2j+i} (l<j<m-l) 

/im := «{^2m-3 + 5^2m-l} 

ep := i{z(X„, + (^i 

/o := -X_„J+jy„,}®i-i (4.7) 

ft-o := —iYa-^ + -J. 

In the case n = 2m: 

(1 < i < m - 1) 

Cm := ^2m-2,2TO-l " *^2m-2 
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-l,2j + l - *^2j } 






(1 < j < TO - 1) 


fm 


:= — ^2m-2,2m-l " ii^2m-2 




hj 


»{^2j-l - i^2j+l} 


(1 < j < TO - 1) 








eo 


-X_„J 0i 








ho 







(4.8) 



Then one can easily check that these elements satisfy the conditions of 
Chevalley generators for the following Dynkin diagrams according as n = 2m — 1 
or n = 2to, letting ej be a root vector of a simple root a^ : 



A. 



(2) 



ao Oil 0-2 am-3 am-2 CUm-l 

o — PO — o o — o — o 



o 



A 



(2) 



ao ai ^2 am-2 am-i «,„ 

o — ro o o Q — ro 



The act ion of hj on the basis v{ci,--- ,c„) of C{Q/2Q} is calculated from 
Lemma 4.4 as follows: 



Proposition 4.3. Let v := v{ci, ■ ■ ■ , c„) where ci, 
1) /n the case n — 2m — 1, 
(l-ci)v 

2hjV = i C2j-l(l - C2j-lC2j + l)w 



,c„ e {±1}. 



(1 < J < m- 1), 



C2m-3(1 + C2m-3C2m-l)w 0' = "^)- 

2) /n i/ie case n = 2to, 



(l-ci)« 



(j = 0), 



2/ijW < C2j-i(l - C2j-iC2j+i)t; (l<J<m-l), 



2c2m_i-y 



From this proposition one obtains the following theorem, where Aj 's are the 
fundamental integral form corresponding to the simple coroots system hj . 

Theorem 4.2. Let v v(ci, • • • , c„) where Ci, • • • , c„ G {±1}- 

1) In the case n = 2m — 1, 
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(i) V is a singular vector if and only if C2j-i = 1 for j = 1, 2, • • • , m— 1. 
And then the weight of v is determined by C2m-i is follows: 

singular vector weight 

t;(l,C2,l,C4,l,C6,--- ,l,C2m-2,l) : J^m 
w(l,C2,l,C4,l,C6,--- ,l,C2m-2,-l) : Am-1 

for any choice of C2, C4, • • • , C2to-2 € {±1}. 

(ii) Given a singular vector 

Vq := V(1,C2,1,C4,1,C6,--- A,Clm-1,C'2m-\), 

the C-linear span of all elements 

v{bi,C2, bs, Ci, 65, C6, • • • ) b2m-3, C2m-2, '>2m-l) 

satisfying the conditions 

(a) bj e {±1} for all j 

(b) JJ bj = C2TO-1 

l<j<2m-l 
j= odd 

tensored with C[xr^] 1 < j < 2m — 1, re Nodd] is the irreducible 

(2) 

A\^_x-module with the highest weight vector vq. 
In the case n = 2m, 

(i) V is a singular vector if and only if C2j-i = 1 for j = 1, 2, • • • , m. 
And then the weight of 

V{1, C2, 1, C4, 1, C6, • • • , 1, C2m-2, 1, C2m) 

is Am for any choice of C2, C4, • • • , C2m G {±1}- 

(ii) Given a singular vector 

Vo := v{l,C2,l,C4,,l,Ce, - ■ ■ , 1, C2r»-2, 1, C2m), 

the C-linear span of all elements 

v{bl,C2, 63, C4, 65, C6, • • • ) b2m-3, C2m-2, &2m-l, C2m), 

where bj G {±1} for all j, tensored with C[xr^; 1 < j < 2m, r e 
Nodd] *5 irreducible A^^-module with the highest weight vector 

Vq. 
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4.3 The case {n = 6, 7, 8) 

For En, we consider the following orientation of Dynkin diagrams: 



Er 



ai 
O 



a2 



as 

o 



a4 



as 



E7 



ai 
O 



a2 



o 

Q!3 

o 



a4 

-o 



"5 



-o 



ay 



^8 



O 



a2 

-o 



o 

Q!3 

o 



a4 

-o 



"5 

o 



-o 



ay 



as 



6 



Then, by Lemma 4.1, one easily sees the following: 

Lemma 4.5. Let v — v{ci, • • • , c„) /or £"„ (n = 6, 7, 8) wit/i f/ie orientation of 
the Dynkin diagram as above. Then X^.v for j — I, - ■ ■ ,n are given as follows: 



1) In the case Eq, 



2X„v 



-ICjV 

-iciv 

-ic^v 



Cl, -C2, C3, C4, C5 
C6 

Cl, -C2, C3, -C4, C5 
-C6 

Cl, C2, C3, -C4, C5 
C6 



(i = 2,4,6) 

iJ = 1) 

(j = 3) 
ij = 5). 



/n the case Ej, 



2X„.v 



-ICjV 

-iciv 
'ic^v 
-ic^v 



Cl, -C2, C3, C4, C5, C6 
C7 

Cl, -C2, C3, -C4, C5, C6 
-C7 

Cl, C2, C3, -C4, C5, -C6 
C7 



(j-2,4,6,7) 

(J = 1) 

(j = 3) 
(j = 5). 
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3) In the case Eg, 



2Xa^V = < 



-ICjV 

-iciv 
-ic3V 
-ic^v 
-ic-jv 



Cl, -C2, C3, C4, C5, Cg, C7 
C8 

Cl, -C2, C3, -C4, C5, C6, C7 

Cl, C2, C3, -C4, C5, -C6, C7 
-C8 

Cl, C2, C3, C4, C5, -Cg, C7 
C8 



(j = 2,4,6, 

(J = 1) 

(j - 3) 
{j = 5) 
(j = 7). 



From this lemma, one sees that, for example in the case -B7, Ci, C3, C5 and 
C4C6C7 are unchanged under the action of 's. Since Xa is the action of the 
field Xa{z) to the C{(3/2(5}-component, one obtains the following: 

Theorem 4.3. 1) In the case Eq, for an arbitrary choice 0/01,03,05 G 
{±1}, the C-linear span of 



Cl, &2, C3, 64, C5 
66 



62,64,66 e {±1} 



tensored with C[xi''^; 1 < J < 6, r G Nodd] is an irreducible E^''' -module 
of level one. 

2) In the case Ej , for an arbitrary choice of Ci,C3,C5,c S {il}; the C- 
linear span of 



Cl, 62, C3, 64, C5, be 
67 

.0) 



(i) 62,64,66,67 e {±1} 

' (ii) 646067 = c 



tensored with C[xr"'''; 1 < i < 7, ?' G Nodd] is an irreducible E^^^ -module 
of level one. 

3) In the case Eg, for an arbitrary choice 0/01,03,05,07 £ {il}, the C- 
linear span of 



Cl, 62, 03, 64, 05, 65, 07 



tensored with C[xr^^] 1 < / < 8, r G Nodd] is an irreducible E^^''^ -module 
of level one. 

The non-irreducibility of the representation space C{Q/2Q} ® C[a;["'^] may 
suggest the existence of still bigger symmetry or the action of some group. 

From the asymptotics of characters of integrable repsentations given in Q , 
one sees that the basic iJg"'^-' -module decomposes into the sum of two fundamental 



62,64,65,68 G {±1} 
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representations of Actually in the case 3) of the above theorem, the C- 

linear space of 



ci, 62, C3, 64, C5, be, C7 

68 



(i) 62,64,66,68 e {±1} 

(ii) 6368 = c 



tensored with C[a:["'^] is i'g^^-stable and Dg^^-irreducible for ci, C3, C5, C7, c € 
{±1} with respect to the canonical inclusion of I?g^^ into E^^\ 

In concluding this note, we remark that the above construction gives rise to 
the product expression of specialized character (cf. |^ §10.8) of fundamental 
representations with respect to a particular specialization. We consider an afRne 
Lie algebra with the simple root system {ao, ' ■ ' , Q^f }, following the enumeration 
of simple roots from §4.8 of jj]. Fix a number s E {0, • • • ,£}, and consider the 
specialization 



which induces an algebra homomorphism 

F, : C[[e""«,-- - ,e""^] 



C[[ql 



of the associative rings of formal power series. Then, from Theorems 4.1, 4.2|and 



4.3, we obtain the following expression of the specialized character Fs{e chA) 
for a level one dominant integral form A and a specially chosen index s: 

Corollary 4.1. 



affine algebra 


s {special index) 


specialized character Fs{e ^chA) 


4(2) 


£ 




.(2) 
^2<? 


e 




d'-/-^ {i : even) 


£/2 




: even) 


£/2 






4 






7 


[ ^(9) ) 




7 


[ ) 



where A is a dominant integral form of level one and ip{q) 11 (1 ~ 9")- 

n=l 
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Actually this corollary holds because deg(e") = (for all a € Q/2Q) and 
deg(a:r"'^) = r with respect to this specialization. 

We remark that this result is, of course, in coincidence with the product 
expression of characters given in §2.3 of pl| : 

oo 

ch(Ao,4^;) = e^«n n (l + e±te-(^-^)*-), 

oo 

ch(Ao,i?^+\) = e^°[](l + e-^'*') [] (1 + e-J'^+")(H- e-(^'-i)*-"), 

where (resp. As,+) is the set of all positive long (resp. short) roots of the 
finite-dimensional Lie algebra with the simple root system {ai, • • • , ai\. One 
easily sees that the specialization of these characters gives the same formulas 
with the above corollary for A^2i ^'^'^ ^f+ii where = in our specialization 
since the coefficient of oig in the primitive imaginary root 5 is equal to 2. 
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